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Abstract 

Let K be a local field whose residue field is a finite field of characteristic p, and 
let L/K be a finite totally ramified Galois extension. Fried [3] and Heiermann [5] 
defined the "indices of inseparability" of L/K, a refinement of the ramification 
data of L/K. We give a method for computing the indices of inseparability of 
the extension L/K in terms of the norm group Nl/#-(L x ) in the case where K 
has characteristic p and Gal(L/K) is an elementary abelian p-group with a single 
ramification break. In some cases our methods lead to simple formulas for the 
indices of inseparability. 

1 Introduction 

Let K be a local field with finite residue field K and let L/K be a finite separable 
extension. The indices of inseparability of L/K were defined by Fried [3] for fields of 
characteristic p, and by Heiermann [5] for fields of characteristic 0. The indices of 
inseparability of L/K constitute a refinement of the usual ramification data for L/K, as 
described for instance in Chapter IV of [7], in that the indices of inseparability determine 
the ramification data, but the ramification data does not always determine the indices of 
inseparability. More precisely, suppose L/K is Galois, with Galois group G = Gdl(L/K). 
Then G has a nitration by the lower ramification subgroups G = Gq > G± > . . . , as 
defined in [7J IV §1], and the ramification data of L/K is determined by the sequence 
(\Gi\)i>o- Each ramification subgroup Gi is normal in G, and the quotients Gi/G i+ \ 
for i > 1 are elementary abelian p-groups. If these quotients are all cyclic then the 
ramification data of L/K determines the indices of inseparability, but if there is some 
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1 > 1 such that the quotient Gi/Gi+i is not cyclic then the indices of inseparability 
cannot be completely determined from the orders of the groups Gj. 

Let K ala be an algebraic closure of K. Class field theory gives a one-to-one cor- 
respondence between the set of finite abelian subextensions L/K of K alg / K and the 
set of closed finite-index subgroups H of K x . This correspondence maps the extension 
L/K onto the group Nl/k{L x ), where N^/^ : L — y K is the norm map. In principle 
it should be possible to determine the indices of inseparability of L/K in terms of the 
norm group Nl/k{L x ). In fact it is straightforward to compute the ramification data of 
L/K in terms of Nl/k{L x ) (see for instance Theorem 2 in [TJ XV §2]), but extracting the 
additional information contained in the indices of inseparability seems to be consider- 
ably more difficult. Perhaps this should not be surprising, since the ramification data of 
L/K can be defined in terms of the norm Nl/k, as in [21 III §3], but this definition does 
not extend in any obvious way to give a general norm-based definition of the indices of 
inseparability. 

In this paper we consider a special case of the problem of determining the indices of 
inseparability of an abelian extension in terms of its norm group. In order to isolate the 
difficulties involved in passing from the usual ramification data to the refinement given 
by the indices of inseparability we restrict our attention to the case of an extension with 
a single ramification break. Let L/K be a totally ramified finite abelian extension whose 
Galois group G = GaA(L/K) has a single ramification break b > 1. Then G = Gb/Gu + i 
is an elementary abelian p-group. Thus if [L : K] > p we are in a situation where 
knowledge of the ramification data does not determine the indices of inseparability. In 
sections [3H5] we consider extensions of local fields of characteristic p. In section [H] we 
show how the results of sections [3H5] can be extended to apply to certain extensions of 
local fields of characteristic 0. 

2 Ramification and indices of inseparability 

In this section we define the ramification data and indices of inseparability for a finite 
totally ramified Galois extension of local fields. We also describe the relation between 
these two sets of data. In particular, we show how to compute the ramification data in 
terms of the indices of inseparability. 

Let K be a local field with finite residue field K of characteristic p > and let vk 
be the normalized valuation on K. Let e = vk{p) be the absolute ramification index of 
K; then e = oo if and only if char(i^) = p. Let Ok = {ot G K : ^(a) > 0} be the ring 
of integers of K, let M. K be the maximal ideal of Ok, and for r > 1 let U r K = 1 + M. r K - 
Let L/K be a finite separable totally ramified Galois subextension of K alg /K of degree 
n = ap u , with p \ a. 

We begin by recalling the definition of the ramification data of L/K. Set G = 
Gal(L/K) and let ir^ be a uniformizer for L. For a nonnegative real number x we define 
the xth ramification group of G (with respect to the lower numbering) by 

G x = {a G G : v L {a{ir L ) -n L )>x + 1}. (2.1) 
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We easily deduce the following: G x is a normal subgroup of G which is independent of 
the choice of 7T£,; G x < G y for y < x; G = G; G x = {1} for all sufficiently large x; and 
G x = Gi, where i = \x] is the smallest integer such that i > x. 

Let b > 0. If there is a G G such that vl(o-(til) — til) = 6 + 1 then we say that b is 
a lower ramification break for G; in this case b must be an integer. This is equivalent 
to having b G Z and G\, ^ Gb+i- If b > 1 then there is a group embedding of Gb/Gb+i 

into A^V-^l +1 which 

carries aG b+1 onto — — + M b +\ Hence is an 

elementary abelian p-group. 

We now recall the definition of the indices of inseparability io,ii, ■ ■ ■ ,i u of L/K 
as formulated by Fried in the case char(i\") = p j3j pp. 232-233] (see also pQ §2]), 
and by Heiermann in the case char(fC) = [5, §3]. Let R be the set of Teichmiiller 
representatives for K; if char(K) = p then R is a subfield of K which can be identified 
with the residue field K of K. Given uniformizers ttk, t^l for K, L there are unique 

oo 

c h e R such that tcx = yjc/j7r£ + ". Let < j < v. If — for all /i > such that 

/i=0 

+ n) < j set ij = oo. Otherwise set 

ij = mm{h > : Ch ^ and t> p (/i + n) < j}. (2.2) 

The indices of inseparability of L/K are now defined recursively by i v — % v — and 
^ = min{i,', + ne} for j — v — 1, . . . , 1, 0. If char(i^) = then ij may depend on the 
choice of ttl (but not on the choice of t^k)- Nevertheless, ij is independent of the choice 
of uniformizers [51 Th. 7.1]. If char(i^) = p then it is easily seen that ij = ij does not 
depend on the choice of uniformizers. It follows immediately from the definitions that 
= i v < i v -i < • • • < ^o- Furthermore, if v p {ij) = j' < j then ij = = • • • = ij,. 

The connection between the ramification data of the extension L/K and the indices 
of inseparability of L/K can be described most easily in terms of the Hasse-Herbrand 
function of L/K, which is given by the formula 

<Pl/k(x) = [ lr dt rr (2.3) 
Jo \ u o ■ W| 

Thus 4>l/k '■ [0, oo) — > [0, oo) is a continuous increasing piecewise linear function which is 
different iable at all values x > except for the lower ramification breaks of L/K. If x > 
is not a ramification break then the derivative of 4>l/k at x is given by 4>'l/k( x ) = \Gx\/n, 
where n = ap u — [L : K] — \Gq\. Hence the ramification data for L/K is encoded in the 
function 4>l/k- 

One can recover the Hasse-Herbrand function <Pl/k (and hence the orders of the 
ramification subgroups) from the indices of inseparability of L/K by the formula 

4>l/k(x) = — ■ min{ij + pPx : < j < v} (2.4) 

(see [SI Cor. 6.11]). Let S be one of the segments that make up the graph of 4>l/k- 
It follows from (12 .4p that S can be extended to meet the y-axis at (0,ij/n) for some 
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< j < za It follows that if L/K has k positive ramification breaks then the graph 
of 4>l/k determines k + 1 indices of inseparability of L/K. In particular, if k = v then 
the ramification data of L/K determines all u + 1 indices of inseparability. The difficult 
cases where L/K has fewer than v positive ramification breaks occur when L/K has 
a positive ramification break b such that the elementary abelian p-group Gb/Gb+i has 
rank greater than 1. 

3 Abelian extensions with one break 

In this section we assume that K is a local field of characteristic p with finite residue field 
K, and that L/K is a totally ramified Galois extension with a single ramification break 
b > 1. These assumptions imply that L/K is an elementary abelian p-extension. The 
aim of this section is to give an explicit computation of the norm group H = Nl/k{L x ). 
In section |4] we will use this computation to get information about the subgroup of the 
additive group of K which corresponds to L/K under Artin-Schreier theory. We note 
that the methods we use here to compute H are essentially the same as those used 
in Chapter 6 of |6] to compute the norm groups of certain extensions of local fields of 
characteristic 0. 

Set G = Gal(L/K). Then Gb = G and Gb+i = {1}, so G = Gb/Gb+i is an elementary 
abelian p-group, say G = (Z/pZ) 1 '. Since K has characteristic p, class field theory implies 
that p \ b. It follows from ( 12. 3 p that the graph of the function p^0£/^(a;) consists of a 
line segment of slope p u from (0,0) to (b,bp u ) and a ray of slope 1 starting at (b,bp u ). 
Hence by (12.4]) we have ij > bp v — bpP for < j < v, with equality for j = and j = v. 

Let ttl be a uniformizer of L and let 

g(X) = X pU + aiX^" 1 + • • • + cv_iX + a p u (3.1) 

be the minimum polynomial for tt^ over K. Then by [5, Prop. 3.12] we have 

ij = ij = mm{p u VK(dk) — k : 1 < k < p u , v p (k) < j} (3.2) 

for < j < v. Set t = —a v v = ^l/k(^l)] then t is a uniformizer for K and K = K((t)). 
For k > 1 write k = ko + k\p v with 1 < k < p u and set = t kl ak . Since io = bp v — b 
it follows from ( 13. 2 p that Vjciflb^) = b — b\, and hence that vxicib) = b. 

Let K alg denote the algebraic closure of K in K alg . For k > 1 such that p \ k set 

g k (X) = (-l) fc+1 H giCX 1 /"), (3.3) 

where the product is taken over the kth roots of unity £ G K alg . Then gk(X) is a monic 
polynomial of degree p v with coefficients in Ok whose roots are the kth powers of the 
roots of g(X). For r G K set h r k (X) = — r p " ■ gk(—r~ 1 (X — 1)). Then h r k (X) is a monic 
polynomial of degree p v with coefficients in Ok whose set of roots is {1 — ru k : g(oS) =0}. 
It follows that 

N L/Jf (1 - nr£) = -^.(0) = • ^(r" 1 ). (3.4) 
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We have g(X) = X p + g(X) - t, with g(X) = ai X p ~ l + ■■■ + a^-iX. Choose 



s e K alg such that s k = r. It follows from Q and ([331) that 



N L/K (1 - m k ) = (-l) fc + V j J] {C P "s~ pV - t + ~g(Cs- 1 )) 

,C fc =i 



(3.5) 



Since ij > bp u — bp> it follows from (13. 2p that Vxi^i) > [(1 — p for 1 < i < p u — 1. 
Since 2 [(1 - > b + 1 we get 



N L/Jf (1 - nr£) = (-l) fc + V ( J] (C P V^ - t) 



(modM^ 1 ) (3.7) 



C fe =i 

\ C fc =i s 

(p v -l oo \ 
i + Yl ''"^ '• s ' yy " ( mod ( 3i 

Since J2c k =i C - ^" - * equals fc if k \ jp u + i, and otherwise, we get 



N L/K (1 - rvr£) = (1 - W 



\ 



l + k^ ^2 tj(liS 



jpv+i 



j=0 0<i<p" 



(mod M'k 1 ) (3.9) 



= (1 - r p "t k ' 



1 + k 2J a m T 

, fc|m 



m/k 



(mod .M^ 1 ) (3.10) 



pi' 



(mod .M^ 1 ). (3.11) 
Let E p (X) = Y\, (\-X c Y^ /c e F p [[X]] denote the Artin-Hasse exponential series 



in characteristic p (cf. [TJ III § 1] ) , where \x denotes the Mobius function. Then 
N L/K (E P (m k L )) = l[N L/K (l - r c n c L k )-^ (3.12) 

= TT (i _ r cp v t ckyvi c )/ c . 



-M(c)/c 



I 1 + cA; ^ a ickr 

p\c \ V v \l 



Ic 



(modTW^ 1 ) (3.13) 



Ep (r^t k )- j 1 - kJ2J2 ^ ai ° k '> 

p\c p"\l 



Ic 



(modA^ 1 ). (3.14) 



By setting m = Ic we get 

N L/i ,(E p (r^))=E p (r^ fc ) 



1 — k ^2 yj A*( c ) a r, 



pfc c|m 



] 

V 



\ 



\ 



(mod .M^ 1 ) (3.15) 



l-ky~] a mk r m ^ M c 

p u \m c\m , 

pfc / 

V i=o 

V 3=0 



(mod .M^ 1 ) (3.16) 



(mod M^ 1 ) (3.17) 



(mod .M^ 1 ). (3.18) 



Using ( 13. 2 p and the inequality ij > (j) u — p>)b we see that > fi for alH > 1, 

p v p^b — % 



where /, 



. For 1 < k < b and < j < v — 1 define 
S kj = {heZ: f kp ] <h< b}. 



(3.19) 



Let c it h G if be such that a, = Q^t^. Then we can rewrite (" 13 . 18[) in the form 



h=l 



v-1 



N L/K (E p (r^)) = E p (r^t k ) .fiJ-fc^J <V ifc r^ h (mod A4 +1 ) (3.20) 
= ^( r ^* fe ) II 11 E p (-kc kp3 , h r^t h ) (mod A4 +1 ). (3.21) 



i=o fees fcj 
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It follows from (13 .2p that for < j < v we have 

ij = min{hp u -i:l<i<p u , v p (i) <j, h> 1, c^ h ^ 0}. (3.22) 

Since aj +p ^ = tdi we see that Cj^ depends only on the value of hp" — i. It follows that 

Zj = min{/i]/ — i : i > 1, v p {i) < j, h> 1, ^ 0}. (3.23) 

Using the fact that bp u — bpP < ij < io = bp u — b we get 

ij = min{bp v -i:b<i<bp j , v p (i) < j, c i>h + 0}. (3.24) 

Finally, we note that the computations in this section completely determine the norm 
group of L/K: 

Proposition 3.1 The subgroup H = N L/K (L X ) of K x is generated by t, U^ 1 , (K x ) p , 
and the set 

{N L/K (E p (m k L )) :reK,l<k<b,p]k}. (3.25) 

Proof: Since b is the only lower ramification break of L/K, it follows from [TJ V§6, 
Cor. 3] that N L/K (U b L +1 ) = U b ^\ Since K X /H^G is killed by p we see that H contains 
(K x ) p . Since ^l/k^l) = t, we conclude that H contains all the listed elements. Since 
L x is generated by ttl, (L x ) p , and the set 

{E p (rir k L ) :r eK, l<k <b, p\k}, (3.26) 

we see that H is generated by the listed elements. □ 



4 Artin-Schreier theory 

In this section we interpret the norm computations from section [3] in terms of Artin- 
Schreier theory. As in section [3] we assume that K is a local field of characteristic p with 
finite residue field K, and that L/K is an elementary abelian p-extension of degree p v 
with a single ramification break b > 1. 

Let K ab /K denote the maximum abelian subextension of K alg /K. For r] G K x let 
a, q denote the element of GaA(K ab / K) that corresponds to rj under class field theory. 
For each (3 G K let p$ G K alg be a root of the polynomial X p - X - (3. Then p p G K ab , 
so we can set [f3,r]) K = cr^pp) — p^. This construction is independent of the choice of 
pp and defines a bilinear pairing 

{ ,) K :KxK x ^¥ p . (4.1) 

Let p : K K denote the Artin-Schreier operator p(x) = x p — x. Then the kernel 
of [ , )k on the left is pK, and the kernel of [ , )k on the right is (K x ) p . Let Qk = K dt 
denote the module of Kahler differentials of K, and for uj G Qk let Reso(cu) denote the 
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residue of uj at 0. By Schmid's theorem [?1 XIV §5, Prop. 15] the pairing (14. ip can be 
computed in terms of the trace map Tr^. : K — > ¥ p using the formula 

\P, V ) K = Tr T/¥p (Re SQ (^y (4.2) 

Let B denote the subgroup of K which corresponds under Artin-Schreier theory to 
the (Z/pZ) ^-extension L/K: 

B = {(3 G K : X p - X - /3 splits over L}. (4.3) 

Also recall that H = Ni/^-(L x ) is the subgroup of K x that corresponds to L/K under 
class field theory. Then B and H are orthogonal complements of each other with respect 
to [ , ) K : 

H = [rj e K x : % r]) K = for all (3 G £?} (4.4) 
B = {/3 e K : [f3, i]) K = for all 77 G H} . (4.5) 

Let E p (X) = Y[p\ c (1 — X c )~^ c ^ c denote the Artin-Hasse exponential series over Q. 
Then the coefficients of E p (X) have denominators which are prime to p, and the image 
of E P (X) in ¥ p [[X)) is E p (X). By [1, p. 52] we have 

E P {X) = exp (x + -X p + \x p2 + ...), (4.6) 
V P P J 

where exp(X) denotes the usual exponential series. By taking the formal derivative of 
(14 .6p we get 

E' p (X) = E P (X) ■ (4.7) 
with A(A) = X + X p + X p2 + • • • G Z[X]. Reducing this equation modulo p gives 

E' p (X) = E p (X).^l } (4.8) 



where A(X) denotes the image of A(A) in F p [[A]]. Therefore for a G M.r we have 

dE p (a) _ E p (a)a'dt _ \( a )a' dt 



E p {a) E p (a) a 



(4.9) 



where a' denotes the formal derivative of a with respect to t. By applying this formula 
to fl3~2TD we get 

d^L/K 



N L/K (E p (ml))) 1 ' t 



hX{-kc kp3th r p] t h )- {mod M b K dt). (4.10) 

j=o hes kj 



8 



Let K be a subgroup of the additive group of K which is a complement of pK; then 
Kq is cyclic of order p. Define 

K = {xo+Xit^H \-x s t~ s G K : s > 0, x <E K , G x ip = for z > 1}. (4.11) 



Let £ = %q + Xit 1 + • • • + Xbt b be an element of K D .M^. We wish to determine the 
conditions that Xq, x%, . . . , x\, must satisfy for £ to be in B . Since Bq C i^o H -M^ 6 , this 



Also define B = B n K - Then A" = K © pjf and 5 = B © pif, so B/pK ^ B - 

Since B C if nA K 
will give a characterization of I?o, and hence of B. 

Since -B is the orthogonal complement of H with respect to [ , )k we have £ G Bq 
if and only if [£,,ri) K = for all rj & H. Since i>.k-(£) > —6 we have [£,r/)x = for all 
r\ G f/// 1 by (14. 2p . Hence by Proposition 13.11 we have £ G B if and only if = 

and [£, Ni/j<-(£/p(r7r^-)))jf = for all r G X and all /c such that 1 < k < b and p \ k. 
Using ( 14. 2 p we deduce that £ G -B if and only if Tr^ F (xq) = and 

Tr ^/F p Res £ ■ 7 = (4.12) 

for all r G if and all 1 < k < 6 such that p \ k. Since xq G i^o and pK = ker(Tr^ / / Fp ), we 
have Tr^yjj. (xo) = if and only if xo = 0. Using ( 14.101) we see that ( 14. 12ft is equivalent 
to 

/ „ ^ A 

Tr l?/F p x fc rP - zJ hc k P J,h x hr pJ = 0. (4.13) 

\ i=0 /iGSfe, / 



Set m = [K : ¥ p ] and let r be the Frobenius automorphism of K. Then 

Gal(¥/F p ) = {r°,r 1 ,...,r m - 1 }, (4.14) 
and we can rewrite (14.131) in the form 

m—1 m—1 v — 1 

i=0 i=0 j=0 h€S kj 

Since r u = t v if and only if u = f (mod to), this implies 

m—1 m—1 1/— 1 

i=o i=o i=o /igSfcj 

It follows from the if-independence of r°, r 1 , . . . , r m_1 that f !4.16B holds if and only if 

3=0 h£S kj 
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Let V denote the subgroup of K such that B + M K b+1 = Vt~ b + M K b+1 . Since 
fbpj — b we have Sbj = {b} for < j < v — 1. Therefore it follows from (14. 17f) that every 
element of 1/ is a root of the polynomial 

q{X) = X -Y^bc^X^ . (4.18) 

i=o 

Since the only ramification break of L/K is b we have V = Bq = {7L/p7ll) v . Hence V 
is equal to the set of roots of q(X). Let ip '■ V ~ >* B be the inverse of the projection 
of So onto V. Then for each Xb G V there are uniquely determined Xj G if such 
that ip(xb) = x\t~ l + X2^~ 2 + • • • + Xbt~ b , with x« = for p | i. For each /c the map 
ipk '■ V — > K which takes Xb to Xk is a group homomorphism. The maps ip k can be 
determined inductively using (I4.17p . 

Since the maps (pi : V — > K defined by (pi(x) = x pl for 1 < i < v are linearly 
independent over K, they form a basis for the if-vector space of homomorphisms from 
V to K. It follows that for < k < b there are uniquely determined Wjk G K such that 

ip k {.Xb) = w ok xf + wi k x{ 1 H h w u ^ ltk x p b (4.19) 

By setting Wj = Wjit^ 1 + w^ 2 + • • • + Wjbt~ b we get 

^(x 6 ) = w xf + wixf 1 H h w^-i^ (4.20) 

for all Xb G V^. Hence 

Bo = {wqxI + Wix^ H h tf^-ix^ : x b G V^}. (4.21) 

The computations in this section can be used to derive an algorithm for computing 
the indices of inseparability of the extension L/K in terms of the norm group H = 
N L / K (L X ). Given H, we use (14. 2p and (14.51) to determine B and B = BnK . For each 
k such that 1 < k < b we get the map ipk : V — > K, from which we obtain Wjk G K 
satisfying (I4.19p . We then use reverse induction on k to determine c kp j :b for all k,j such 
that < k < b, p \ k, and 1 < j < v — 1: For the base case we note that since V is 
equal to the set of roots of q(X), equation (14.181) determines c bp i b for all j. Now let 
1 < k < b be such that p \ k and assume that we have computed c rp j jb for all j, r such 
that k < r < b and p \ r. If h G S k j and h < b then kpP < kpP + (b — h)p v < bpp , so 
has been determined. Hence (I4.17P can be used to compute c kp j^ 
for < j < v — 1. Once all the have been found we use ( 13.24[) to compute the 
indices of inseparability of L/K; since i, > bp u — bpP this computation does not depend 
on Ckpjfi for k > b. 

5 Some explicit formulas 

In this section we continue to assume that if is a local field of characteristic p whose 
residue field K is finite, and that L/K is a totally ramified elementary abelian p- 
extension of degree p v with a single ramification break b > 1. We use the results of 
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sections |3] and H] to prove theorems which relate the indices of inseparability of L/K to 
the description of L/K in terms of Artin-Schreier theory. Our approach is to use (I4.17p . 
(I4.2ip . and (I3.24p to get relations between the ^-valuations of w , u>i, . . . , uv-i and the 
indices of inseparability io, i\, . . . , i v . In some cases we are able to derive explicit formu- 
las for ij in terms of the valuations of the Wi. We then use Schmid's formula (14. 2p to 
translate theorems expressed in terms of Artin-Schreier theory into theorems expressed 
in terms of local class field theory. We remark that although B Q and wo, wi, . . . ,w u -\ 
depend on t, and hence on the choice of til, the results of this section do not, of course, 
depend on this choice. 

Theorem 5.1 Let L/K be a totally ramified (Z/pZ) 1 ' -extension with a single ramifica- 
tion break b satisfying 1 < b < p — 1 . Then for < j < v — 1 we have 

ij = bp v + min-fp 7 v^Wji) : < j' < j}. (5.1) 

Proof: Since b < p we have S^j = {b} for 1 < k < b and < j < v — 1. Hence for 
1 < k < b formula (I4.17P simplifies to 

u-l 

x k = Y, bcP k P 7, b x t~ J - ( 5 - 2 ) 

3=0 

Comparing this formula with (I4.19P and (I4.20p we get 

fc=i 

for < j < v — 1. We now use induction on j to prove our claim. Since io = bp v — b, 
by (I3.24p we get Cb t b ^ 0. Hence ^(^o) = —b, which proves the claim for j = 0. Let 
1 < j < ^ — 1 and assume that the claim holds for j — 1. If Wj = then = for 
1 < k < b. Since b < p, by (I3.24p we get ij = We also have 

min-jjo- 7 Vx{wj>) : < j' < j} = minlp- 7 VK{wj>) : < j' < j — 1}. (5.4) 

Therefore the claim for j follows from the claim for j — 1 in this case. If Wj ^ then 
Vxiwj) = — k for some k such that 1 < k < b. Since b < p this implies that the right 
side of ( 15. ip is equal to bp v — kpP . We also get c kp j b ^ and q p j jfe = for all I such that 
k < I < b. Since > bp v — bp'^ 1 it follows from (I3.24p that ij = bp v — kpP . Hence the 
claim holds for j. □ 

Although there does not seem to be a simple formula for the indices of inseparability 
similar to Theorem 15.11 which is valid for all b, it is possible to get some information in 
the general case. Let W p » denote the unique subfield of K alg with p v elements. 

Theorem 5.2 Let L/K be a totally ramified (Z/pZ)^ ' -extension with a single ramifica- 
tion break b > 1. Let k satisfy \b/p] < k < b — 1. Then the following are equivalent: 
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1 . ij > bp u — kp> for 1 < j < v — 1 . 

2. ¥ p u c K and B + M^ k is an ¥ pV -subspace of M^ b . 

3. Wj G M~ k for 1 < j < v — 1. 

Proof: The equivalence of conditions 2 and 3 follows from the definition of the Wj. To 
prove the equivalence of conditions 1 and 3 we use reverse induction on k. For the base 
case, we observe that by (I3.24p . condition 1 holds for k = b — 1 if and only if c bp j fe = 
for 1 < j < v — 1. Using ( I4.18P we see that this is equivalent to q[X) = X — c p bb X pV , 
which holds if and only if condition 3 holds for k = b — 1 . 

Now let \b/p] < r < b— 1 and assume that the theorem holds for k = r. If p | r then 
condition 3 holds for k = r if and only if condition 3 holds for k = r — 1, and condition 
1 holds for k — r if and only if condition 1 holds for k = r — 1 (since p^" 1 " 1 \ ij). Hence 
the theorem holds for k = r — 1 in this case. From now on we assume that the theorem 
holds for k = r with \b/p\ < r < b — 1 and p \ r. 

Suppose condition 1 holds for k — r — 1. Then by ( I3.23|) we see that c rpJ:h = for 
all (j, h) such that 1 < j < v — 1 and h G S r j. Hence by (I4.17P we have 

Xr=Yl hC ^h X h- ( 5 - 5 ) 

hGSrO 

Since condition 1 holds for k = r — 1 it also holds for k = r. It follows from the inductive 
assumption that condition 3 holds for k = r. Hence for every h such that r < h < b 
there is G such that = rrihX p b for all X;, G V. In particular, we have Xb = vn,\,x v h 
with WI5 7^ 0. It follows that Xh = m^rn^ £5 for r < h < b. Since r < b, every /i G SVo 
satisfies r < h < b. Hence by (I5.5P we have 

^ = ^ m f m P^f- ( 5 - 6 ) 

Since vxiwj) > — r for 1 < j < v — 1, and (I5.6P expresses x r as a i^- multiple of x v h , 
we conclude that vk{wj) > — r + 1 for 1 < j < v — 1. Therefore condition 3 holds for 
k = r — 1. 

Assume conversely that condition 3 holds for k = r — 1. Then condition 3 also holds 
for k = r, so by the inductive assumption, condition 1 holds for k = r. It follows from 
fl3~23P that c rp j th = for all h < b. Therefore by ffl~TTD we get 

X r = Kli^l" ( 5 - 7 ) 

By (14.191) and (I4.20p we deduce that Wj r = bc? pJ 3 b for < j < v — 1. It then follows from 
condition 3 for k = r — 1 that c rpJ b = for 1 < j < v — 1. Using (I3.24p we conclude 
that condition 1 holds for k — r — 1. □ 
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Corollary 5.3 Let L/K be a totally ramified (Z / 'p7*) p '-extension with a single ramifica- 
tion break b > 1, and assume that ¥ pV is not contained in K . Then there is at least one 
1 < j < — 1 such that ij = bp u — bpP . 

Proof: Since ¥ p u is not contained in K, condition 2 in Theorem 15.21 does not hold for 
k = b — 1. Hence condition 1 also fails for k = b — 1. Choose the smallest j such that 
ij < bp u — (b — Then ij < ij-i, so pP \ ij. Since we also have ij > bp" — bpi we get 
ij = bp v — bp 3 . □ 

Corollary 5.4 Let L/K be a totally ramified (Z/ pZ) 2 -extension with a single ramifica- 
tion break b > 1. Then 

ii = bp 2 + min{v K (w ),pv K (w 1 )} (5.8) 
= bp 2 + mm{—b,pvK(u)i)}. (5.9) 

Proof: Set / = — vk(wi) and r = \b/p\. If r + 1 < I < 6 then by Theorem 15.21 we have 

6p 2 -lp <i\ < bp 2 - (I - l)p <bp 2 - b = i . (5.10) 

Since ^ < i we have p \ ii, and hence ^ = bp 2 — lp. If / < r then the conditions of 
Theorem 15.21 hold for k = r. Hence (15. 7p is valid with v = 2, so w± r = b(f Tpb . If I = r we 
get 7^ 0, and hence ii = 6p 2 — rp by (13 . 24j) . while if / < r then c rp ^ = 0, and hence 
ii = bp 2 — b. We conclude that i\ = bp 2 + min{— b,pvK{wi)} in every case. □ 

The power series E p (X) induces a bijection from M.k onto U^. This function is not 
a group isomorphism, but it follows from equation (6) in [Tj p. 52] that 

E p (ai + a 2 ) = E p ( ai )E p (a 2 ) (mod M P k) (5.11) 

for ax,az2 G M. 1 k- Let A p : U\ — >■ A^^- denote the inverse of the bijection induced by 
E P (X). Since E P (M % K ) = U l K , it follows from (15. lip that for ui,m 2 G U % k we have 

A p ( Mi m 2 ) = A p (wi) + A p (u 2 ) (mod jM^). (5.12) 

Set iy = A p (HnU}(), where H = ~Nl/k(L x ) is the subgroup of K x that corresponds to 
L/K under class field theory. Suppose i > b/p. Then pi > b + 1, so C/^ C C if. 
Therefore by (I5.12p we see that W fl M. % K = A P (H fl U l K ) is a subgroup of the additive 
group of M.R- 

Theorem 5.5 Let L/K be a totally ramified (Z/pZ) 1 ^ ' -extension with a single ramifica- 
tion break b > 1 and let k be an integer such that p\k and \b/p~\ < k < b — 1. Then the 
following are equivalent: 

1. ij > bp v — kpi for 1 < j ' < v — 1. 

2. ¥ p , C K and A P (H n U^ +1 ) is an W p v-subspace of M.r- 
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Proof: Fix k satisfying the conditions of the theorem, choose a6M^, and let £ G K. 
Since pk — 1 > b it follows from (14. 9p that 

d£ p (a) ^ q/ ^ (mod ^ 



£ p (a) 
df p (Ca) 



= Ca'dt {mod M b K dt). (5.14) 



£ P (C«) 

[A^(Ca)k=[C^,^(a)k (5-15) 



Hence by (14.21) we get 

for all G M~ K b . _ 

Suppose condition 1 holds. Then by Theorem 15.21 ¥ pV C K and B + is an 

Fp^-subspace of M~£ '. Since k + 1 > b/p we see that A p (H (lU^ 1 ) is a subgroup of Aix- 
We need to show that A p (if fl U^ 1 ) is a vector space over F p ^. Let f3 G -Bo + -M^* and 
7] E H f] U^ 1 . Then 77 = E p (a) for a uniquely determined a G .M^ 1 . For £ G ¥ p u we 
have C/3 e B + M^, so by (051) we get 

£ p (C«)k = [C/3, = 0. (5.16) 

Since this holds for all f3 G -Bo + M.~k we deduce that _E p (Co;) lies in the orthogonal 
complement of -Bo + A4# fe with respect to [ , )k- Since B = B © jpi<~, the orthogonal 
complement of .Bo is equal to the orthogonal complement of B, which is H. Since we 
also have E p ((a) G U^ +1 we get E p ((a) G H n Hence C« G ~A P (H fl f/£ +1 ) for all 

( G A", so condition 2 holds. 

Conversely, suppose that condition 2 holds. Then for every 77 = E p (a) in H D U^~ l 
and every C G F p , we have E p ((a) G i? H U k K +1 . Therefore for every (3 G B we get 

[C/9,^,(a))jf = [f3,E p ((a)) K = 0. (5.17) 

Hence ((3 lies in the orthogonal complement of if fl U^~ l . Since the orthogonal com- 
plement of H is B = B + pK, and the orthogonal complement of U^ 1 is Ai^ k + pK, 
the orthogonal complement of if fl U^ 1 is B + M.^ + pK. Since we also have 
C(3 G (K n A* ^. 6 ) + 7? we get 

Cf3 G (B + A4 x fe + pK) n ((K n A^ b ) + K) c5 + A^ fc . (5.18) 

It follows that B + Aijf is an F p ^-subspace of M.^. Using Theorem 15.21 we deduce 
that condition 1 holds. □ 

The following result is proved in the same way as Theorem I5.5[ using Corollary 15.41 
in place of Theorem [ 



Corollary 5.6 Let L/K be a totally ramified (Z/ pZ) 2 -extension with a single rami- 
fication break b > 1 and set H = Nl/k{L x ) . Let k be the smallest nonnegative in- 
teger such that A p (H n U^ +1 ) = A p (H) n M k ^ 1 is an ¥ p 2-subspace of M. K . Then 
i\ = p 2 b — m&x{b,pk} . 
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6 The case char(i^) = 



In this section we show how to extend the results of the previous section to apply to 
certain extensions of local fields of characteristic 0. Let K be a finite extension of the 
p-adic field Q p and set e = vx(p). Let L/K be a totally ramified Galois extension with 
a single ramification break b such that 1 < b < e. Then Ga\(L/K) = (Z/pZ) 1 ' for some 
v > 1. 

Let 7r^, ttl be uniformizers for K, L and recall that R denotes the set of Teichmiiller 

oo 

representatives for K. Choose Ch G R such that tik = c/ l vr^ +p and let Ch denote the 

h=0 

image of Ch in K. Since K' = K((T)) is a local field of characteristic p with residue field 
K, by [5j Th. 2.2] there is a totally ramified extension L'/K' and a uniformizer for 

oo 

L' such that T = Cf l 7r^t p . 

h=0 

For < j < v — 1 the inequalities ij + \ > bp u — bpi +1 and ij < io = bp u — b imply 
that ij — < bp* +1 — b < ep u . Hence ij = ij for < j < v. Since Ch = if and only 
if Ch = 0, this implies that the extension L'/K' has the same indices of inseparability 
as L/K. It follows that L'/K' has the same ramification data as L/K, so L'/K' has a 
single ramification break b. It can be shown using [5], Prop. 6.3b] that L'/K' is Galois. 
Hence G&\(L'/K') ^ (Z/pZ)", so the results of section [5] apply to L'/K'. Since b + 1 < e 
there is an isomorphism 

p : L M W — ► Ojj/M^ (6-1) 

of i^-algebras such that p(ttl + ) = 7Tjy + -M^ 1 ^ . It follows from the series 

expressions for tt* and T that p(vr x + a4 &+iK ) = T + M { ^ 1)p \ Set H = N L/K (L X ) 
and = N L , /K ,((L') X ). Let if denote the image of N L/K (0£) in 

(^/7W^ +1K ) X = (6-2) 
and let H' denote the image of Nj//#/(0£,) in 

{0 KI /M { ^ l)pV y = 0* K ,/U b +\ (6.3) 

Since the norm of u G is the determinant of the 0^-endomorphism of Ol given by 
x i — y ux, we have p(H) = H'. 

The power series E p (X) induces a bijection from M. K onto Let A p : f/j^ — > M. K 
denote the inverse of this bijection. Then for every % > 1, A p induces a bijection from 

onto M. % K . Let w G U\ and v! E\J\, be such that 

p(, + M[ w)p Vti' + < y . (6.4) 
Since -Ep(X) is the reduction modulo p of E p {X) we have 

p(A p (u) + M { l +1)pV ) = A>') + M%t 1)p ". (6.5) 
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Since p(H) = H', it follows that for 1 < k < b, p induces a i^-isomorphism from 
Ap(H n U k + l )/M b £ l onto A P (H' n U^+ 1 )/M b + 1 . Therefore A p (H n U^/M^ 1 is an 
F p ,-subspace of Mk/M^ 1 if and only if A p {H' n t^t 1 )/^*' 1 

is an F^-subspace of 

Mk'/M^, 1 . Since A P (F' n l^T 1 ) D this is equivalent to A P (H' n f/^t 1 ) being 

an F p ^-subspace of A^if. Hence we have the following analogs of Theorem 15.51 and 
Corollary 15.61 

Theorem 6.1 Let K be a finite extension of Q p and let e = vk{p) be the absolute 
ramification index of K. Let L/K be a totally ramified (Z/pZ) 1, ' -extension with a single 
ramification break b such that 1 < b < e, and set H = A^/^(L X ). Let k be an integer 
such that p\k and \b/p\ < k < b — 1. Then the following are equivalent: 

1. ij > bp u — kp 1 for 1 < j < v — 1 . 

2. Hp* C K and A P (H n Ujf^/M'g 1 is an ¥ p ,-subspace ofM K /M h £ x . 

Corollary 6.2 Let K, L, b be as in Theorem lff.il and assume that v — 2. Let k be 
the smallest nonnegative integer such that A p (H PI U^ 1 ) / ' Ad^ 1 is an ¥ p 2-subspace of 
Mk/Mk' 1 . Then i\ = p 2 b - max{b,pk}. 
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